Electron-positron pair production in combined laser and Coulomb fields is studied. To this end, the Feynman diagram for multiphoton pair creation by muon impact on a circularly polarized highfrequency laser beam is evaluated within the framework of laser-dressed quantum electrodynamics employing relativistic Volkov states. In the limit of low laser intensity, the result is shown to coincide with the known expression for multiphoton pair creation by a proton which is treated as an external Coulomb field. A scaling of the total pair creation rate is analyzed. The recoil distribution is calculated numerically and its dependence on the projectile mass is discussed. Energy spectra of the created particles and angular spectra of the scattered muon are presented.
I. INTRODUCTION
The creation of matter-antimatter particle pairs in external electromagnetic fields is a characteristic effect in relativistic quantum theory. For example, a very strong static electric field may cause the spontaneous creation of e + e − pairs, if the field strength surmounts the critical value of E cr = m 2 e c 3 /e = 1.3 × 10 16 V/cm found already by Sauter [1] . Here, m e denotes the electron mass, e the elementary charge unit, c the light velocity in vacuum, and Planck's constant. In recent years, interest in nonlinear pair creation processes via multiphoton absorption from external laser fields has raised [2, 3, 4] . Yet a periodically changing electromagnetic plane-wave field, like a laser beam, cannot by itself lead to pair creation, independently of its frequency or intensity as shown by Schwinger [5] . Thus, an additional source is needed such as e. g. a second laser beam [6, 7, 8, 9, 10] , a single (non-laser) photon [11, 12, 13, 14] , or a charged particle. Here, we consider e + e − pair production by the collision of charged particles with laser fields. There are two possible channels via which the creation of the pairs can take place. The first channel is of BetheHeitler type where the pair is created by a virtual photon from the Coulomb field of the projectile particle and r real photons from the laser field. While Bethe and Heitler originally treated the linear case of pair production by a single high-energy photon (r = 1) [15] , below we focus on the nonlinear Bethe-Heitler effect which involves the absorption of r > 1 laser photons and thus depends on the laser intensity in a nonlinear way. In the case of a muon projectile, the symbolic equation for this process is µ + rω → µ + e + e − , with the laser frequency ω. In the second possible channel, the pair creation takes place by the collision of the laser beam with a real photon (nonlinear Breit-Wheeler process [16] ), with the latter stemming from a Compton scattering event, for instance. This indirect mechanism is important for light projectile particles, such as electrons. In 1997, laser-induced e + e − pair creation has been experimentally observed at SLAC (Stanford, USA). In this pioneering experiment, highly relativistic electrons with an initial energy of 46GeV were scattered by an optical laser pulse with an intensity of 10 18 W/cm 2 [17, 18] . The electrons were Compton back-scattered, thus emitting 30GeV γ-photons which in turn collided with the laser beam. In this collision, r = 5 laser photons of ω ≈ 2eV combined their energies with the γ-photon and thus produced an e + e − pair via the nonlinear Breit-Wheeler process ω C + rω → e + e − [11, 12, 13, 14] . Inspired by the SLAC experiment, several theoretical studies bear on the-experimentally not yet observedBethe-Heitler creation of electron-positron pairs in the collision of a relativistic proton or nucleus with a laser beam [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . In the rest frame of the projectile particle, the energy of the laser photons is significantly higher than in the laboratory frame because of the relativistic Doppler shift. Recently, e + e − pair creation via the collision of a highenergy neutrino with an intense laser beam was calculated by Tinsley [31] . There, the creation of the e + e − pair takes place via an intermediate Z 0 boson. The field-induced pair creation process can be divided into three regimes by means of the so-called laser intensity parameter ξ = ea m e c 2 ,
a being the amplitude of the laser potential. One distinguishes the tunnel regime, where ξ ≫ 1 (and aω/c ≪ E cr ) and the pair creation is similar to a tunnelling process from the negative-to the positive-energy continuum, the above-threshold regime similar to the abovethreshold ionization of atoms or molecules in strong laser fields where ξ ∼ 1, and the multiphoton regime with ξ ≪ 1. The typical photon orders yielding the main contribution to the total pair production rate in the tunnel and above-threshold regime are much larger than the minimum order r 0 which is required by energymomentum conservation (see Eq. (2) below). In the multiphoton regime, the main contribution to the pair production process comes from the minimum number r 0 allowing the creation to take place. In this regime, the (5)). On the right-hand side, we show a few examples of which underlying graphs constitute the lefthand side Feynman diagram. The wiggled lines represent real laser photons absorbed in the pair creation process. The first two rows on the right-hand side show the four leading graphs for one-photon processes, whereas the third row shows two exemplary two-photon processes. Higher orders involve both absorption and emission of laser photons, where the net absorbed energy must surmount the energy threshold (Eq. (2)).
total pair creation rate R scales with R ∝ ξ 2r0 .
In the present paper, we study Bethe-Heitler e + e − creation in the collision of a relativistic muon with a highfrequency circularly polarized laser beam within the multiphoton regime. In comparison with already existing calculations for projectile nuclei, which are treated as infinitely heavy particles providing an external Coulomb field, the present approach has two advantages: firstly, the fact that the considered projectile particles are leptons and as such fundamental particles, allows us to treat the process exactly in terms of (laser-dressed) quantum electrodynamics up to the leading order in the coupling constant α f (Fig. 1) . Secondly, the treatment of the projectile nuclei as external fields does not account for their finite mass and thus neglects any recoil effects on the projectile. The approach pursued in this paper allows to study the said recoil effects and their dependence on the projectile mass and the photon order. We show in particular that the muon recoil becomes the more pronounced the more laser photons (of equal total energy) participate in the pair production. The laser-dressed Feynman graph in Fig. 1 can be expanded into different orders of absorbed laser photons (Fig. 2) . The pair creation process consists of all possible r-photon processes, which themselves are composed of all possible processes involving combinations of absorbed or emitted laser photons at each of the two vertices leading to r net absorbed photons. Note that, since we study low laser intensities, any of these diagrams could be calculated by means of ordinary quantum electrodynamics (QED) within r-th order perturbation theory in the photon field. However, the framework of laser-dressed QED employing relativistic Volkov states is more convenient for our purposes [11, 12, 13, 32] . In the rest frame of the incoming projectile, the photon energy is higher than in the laboratory system by the Doppler factor (1 + β)/(1 − β), where β is the ratio of the muon's lab-frame velocity to the light velocity. Due to the finite mass of the muon projectile, not only the energy 2m e c 2 for the creation of an electron and a positron must be surmounted, but also the recoil energy of the scattered projectile must be provided. By calculating the Mandelstam variable for the invariant mass of the process, one finds the threshold relation in the rest frame of the incoming muon for r absorbed laser photons of energy ω,
M being the mass of the projectile. The muon rest mass is M = 105.6MeV/c 2 , i. e. about 200 times the rest mass of an electron. Since the probability for Compton scattering is inversely proportional to the scattering particle's mass, the Compton channel occuring in the SLAC experiment will be highly suppressed for muon projectiles. We note that the process µ + rω → µ + e + e − is formally related to some other processes via crossing symmetry: for instance, electron-muon scattering in strong laser fields e − µ − → e − µ − [33] , or muon pair creation from positronium in laser fields e + e − → µ + µ − [34] (see also [35, 36, 37] Also, a laser-assisted Bethe-Heitler process, where a high-frequency γ-photon and a nucleus collide within a background laser field, Z + γ → Z + e + e − , has been discussed [40] . Besides the creation of matter-antimatter particle pairs, there are also other interesting QED effects that occur in combined laser and Coulomb fields, such as photon fusion [41] or Delbrück scattering [42] . Efficient pair production by the linear Bethe-Heitler effect through bremsstrahlung photons in a laser-induced plasma has been observed recently [43] .
The paper is organized as follows. In Section II, we derive an expression for the fully differential pair production rate. In Section III, the results of the numerical calculation of pair creation processes involving the net absorption of r = 1, 2 or 3 photons are given, including total and differential pair creation rates. Section IV gives a summary of the paper. In the Appendix A, we summarize the calculation for proton projectiles and compare it to our calculation for muon projectiles. We employ a natural units system in which = c = 1 and e = √ α f (α f = 1/137 being the fine structure constant).
We make use of the metric tensor g µν =diag(+ − −−), so that the scalar product of two four-vectors p µ = (p 0 , p) and q µ = (q 0 , q) reads (pq) = p 0 q 0 − pq. Furthermore, we employ Feynman slash notation for four-products of four-vectors with the Dirac matrices γ µ , p = (γp).
II. THEORY
The Feynman graph corresponding to the process under consideration is shown in Fig. 1 . In the collision with the laser beam, the muon experiences a certain recoil and emits a virtual photon, which decays into an electronpositron pair. The amplitude of the process then reads
Here, x and y denote the space-time coordinates of the produced pair and the scattering particle, respectively. D µν (x − y) is the propagator for the virtual photon propagating between the two vertices. The muon vertex is described by Ψ P ′ S ′ (y)γ ν Ψ P S (y), and the electron-positron vertex by ψ p−s− (x)γ µ ψ p+s+ (x) with the Dirac matrices γ µ . ψ and Ψ are the Volkov states [44, 45] of the respective particles which solve the Dirac equation for spin-1 /2 particles in an electromagnetic field,
with the laser potential A µ = (0, A) in the radiation gauge. We consider a circularly polarized laser field, so that the four potential reads A µ (η) = a 1 cos(η)+a 2 sin(η) with the laser phase η := kx, where k is the wave vector of the laser field. The four-vectors a 1/2 read a 1 = (0, a, 0, 0) and a 2 = (0, 0, a, 0), a being the amplitude of the laser potential. The state vector for an electron with the kinetic momentum p − and the spin projection s − thus can be written as
with the action
Here, m = m e is the electron mass, V a normalization volume, and u p−s− is a free Dirac spinor [46] . q − is the effective momentum of the electron in the laser field [45] ,
The corresponding effective mass is m * = m(1 + ξ 2 ) with the laser intensity parameter ξ of Eq. (1). The Volkov states for the positron can be obtained from (5) and (6) by replacing p µ by −p µ and u p−s− by a corresponding antiparticle spinor v p+s+ . Replacement of the coordinate η = kx by κ = ky, the mass m by the projectile mass M , the kinetical momentum p − by P or P ′ for the incoming or scattered muon, respectively, and the effective momentum q − by Q or Q ′ yields the Volkov states for the initial and scattered muon. The effective muon mass is obtained by M * = M (1 + Ξ 2 ), and the corresponding intensity parameter reads Ξ = ea/M = ξm/M . We concentrate our study on the multiphoton regime ξ ≪ 1, where the intensity of the laser field is comparatively low and the photon energy is high. Because of the low intensity, the electric field is much smaller than the critical value E cr = 1.3 × 10 16 V/cm [1] . Therefore, we neglect vacuum polarization effects which become important only at near-critical laser intensities I 10 29 W/cm 2 [47, 48, 49] and employ a free photon propagator for the description of the virtual photon which is propagated between the two vertices:
with the integration variable q describing the momentum of the virtual photon.
It is important to note that the amplitude in Eq. (3) fully accounts for the interaction of the leptons with the laser field by employing the exact solutions to the Dirac equation, i. e. the Volkov states; the interaction between the leptons and the QED vacuum however is taken into account only to lowest order in α f . A similar approach can be found in [34, 37, 38, 39] .
The space-time integrals in (3) can be performed by expanding the individual vertex expressions into Fourier series. Using the generating function of the regular cylindrical Bessel functions [50] , one finds
The integer numbers n and N correspond to the numbers of absorbed laser photons at the electron-positron and projectile vertex, respectively. Note that n and N may become negative, amounting to photon emission at the respective vertex, whereas the total number of absorbed photons, r = n + N , may not. The electronic spinormatrix product M µ (e + e − |n) can be written as
with the coefficients
The functions J i (ᾱ) are the regular cylindrical Bessel functions of integer order. Their argument isᾱ = α 2 1 + α 2 2 and the angle η 0 is given by cos η 0 = α 1 /α, sin η 0 = α 2 /α with
Note that the Bessel functions account for the fact that in the multiphoton regime, the main contribution to the total pair production rate comes from the minimum number of absorbed photons r 0 , for which the threshold relation (2) is fulfilled: for small argumentsᾱ ≪ 1, the Bessel functions scale with J n (ᾱ) ∼ᾱ |n| [50] . Since the laser field parameter ξ is supposed to be small and it can be factored out in the argument of the Bessel functions, higher photon orders yield partial rates which are several orders of magnitude smaller than the one for r 0 . The corresponding muonic spinor-matrix product
The different signs in Eq. (10) and (13) occur because the former spinor-matrix product describes a particle and an antiparticle, whereas in the latter only one type of particle appears. The argument of the Bessel functions J N (β) for this vertex reads
with
Making use of the angle κ 0 defined by cos κ 0 = β 1 /β, sin κ 0 = β 2 /β, the coefficients F N , G N , and H N are defined similarly to Eq. (11) involving J N (β). We can separate the amplitude into a sum of partial amplitudes S (r) for one particular photon order r = n + N ,
with the factor
Then, the total transition amplitude and its square read
where r 0 is the minimal number for which the threshold relation (2) is fulfilled. Because of the delta function in Eq. (16), there is no double sum over r, r ′ so that the summation in (18) can be pulled out. The square of the partial amplitude S (r) is
The factor T V /(2π 4 ) stems from the square of the delta function [46] , leaving a time factor T and a volume factor V which is the same as in the normalization of the Volkov states (5). The total pair production rate is obtained from (19) by averaging over the possible initial spin states, summing over the final spin states, integrating over the final momenta, and dividing the result by a unit time T :
(20) With the completeness relation for the components of the Dirac spinors u p−s− and v p+s+ [46] , we can perform the spin summation by introducing the matrices
for the projectile vertex and
for the vertex of the produced pair. We find
This trace product can be evaluated by the standard procedure.
Since the kinematics of this process are rather complicated in the rest frame of the incoming muon, we now transform into the center-of-mass (c.m.) system in order to perform the integrations in Eq. (20) . We can separate the total rate into partial rates R = r R r corresponding to the contributions of particular photon orders r like we did for the transition amplitude. For each photon order r there is a corresponding c.m. system. Let ω be the laser frequency in the rest frame of the incoming projectile muon and k = ω(1, 0, 0, 1) the corresponding wave vector. In the c.m. system, the incoming muon moves along the z-direction and
where the index (cm, r) indicates the c.m. system corresponding to the photon order r. The laser frequency transforms as
with the velocity According to this, the center of mass as viewed from the projectile rest frame moves with the Lorentz factor γ r = (1 − β 2 cm,r ) −1/2 . We can perfom one of the momentum integrations in Eq. (20) by making use of the three-dimensional δ-function. This gives e. g.
For the sake of brevity, we will omit the index (cm, r) where there is no ambiguity. From now on, all quantities refer to the c.m. system. The remaining integrations are performed in spherical coordinates. Because of the spherical symmetry we may choose the x-axis of the coordinate system freely. Thus, we may set the azimuth angle of the scattered muon φ ′ = 0 so that the integration yields the constant factor 2π. Regarding the remaining integrations, we perform a coordinate transformation following Mork [51] . We regard the solid angle element of the created electron within a coordinate system where the z ′ -direction is given by the momentum vector of the scattered muon (see Fig. 3 ). For this transformation, the Jacobi determinant is unity, J ≡ 1, so that the partial rate in the c.m. system reads
with the abbreviation E := Q 0 + rk 0 . The new polar angle of the electron, ϑ ′ − , is the angle between the momentum vectors of the electron and scattered muon and is found in the energy-conserving δ-function (because
The argument of the δ-function has one root at
and from the requirement that |cos ϑ ′0 − | ≤ 1 follow the integration limits ε ± for the energy q 0 − of the created electron,
Since these limits must be real numbers, one finds the upper limit for the integration over the energy Q ′0 of the scattered muon,
and the lower limit is M * . Thus we can write the partial rate in the c.m. system
Eq. (31) gives an expression for the partial rate corresponding to one particular photon order r in the respective c.m. system. In order to obtain the total pair creation rate, we have to sum over all relevant orders in the rest frame of the initial projectile:
where the Lorentz factor γ r accounts for the time dilation between the frames. In the multiphoton regime considered in the following, all the summands with r > r 0 yield negligibly small contributions, so that only the leading term with r 0 absorbed photons must be taken into account. The rate (33) may be transformed into the laboratory system according to
where γ Lab is the Lorentz factor of the incoming muon in the laboratory system. Note that total probabilities of multiphoton processes are usually expressed directly as rates rather than cross sections, because the cross section σ r = R r /j of a nonlinear process (r > 1) still depends on the incoming photon flux j ∝ ξ 2 , which is an undesired feature for a cross section in the usual sense.
III. RESULTS

A. Total pair creation rates
In this section, we present the results of our numerical calculations of the total pair production rates. They refer to the rates of produced electron-positron pairs per projectile muon in the restframe of the incoming muon for a laser beam of infinite length. In order to obtain the total pair yields in the laboratory system, which could be observed in a corresponding experiment, one has to transform into the laboratory frame (see Eq. (34)) and multiply the outcoming rate by the interaction time. The latter is given by half the laser pulse duration τ , provided that this is considerably small compared to the muon lifetime, which usually is the case (typically, τ ∼ fs − ns, while the muon lifetime in the lab frame is τ µ = γ Lab ·2µs). Finally, one has to multiply by the number of muons in the projectile beam.
Linear process
For linear processes, the corresponding expressions for the total rates can be found using the framework of standard QED [45, 52, 53] . This allows for a testing of our calculation by comparison. We first consider an e + e − pair creation process by a single photon of the energy ω = 1.8MeV impinging on a muon initially at rest. We choose the laser intensity parameter to be ξ = 7.5×10 −4 , which corresponds to XFEL photons with a lab frame energy of ω Lab = 9keV and an intensity of I Lab = 8 × 10
19 W/cm 2 , which are envisaged to become available by the X-ray lasers planned at SLAC (Stanford, USA) and DESY (Hamburg, Germany) [54] . In this constellation, a muon Lorentz factor of γ Lab = 100 would be necessary. Alternatively, if even higher muon energies were to become accessible [55, 56, 57] , the assumed set of parameters could be implemented by an XUV laser with a photon energy of ω Lab = 90eV and an intensity of I Lab = 8 × 10
15 W/cm 2 [58] with a muon Lorentz factor of γ Lab = 10
4 . The numerical calculation of the total rate in the rest frame of the incoming muon (20) yields for these parameters
This rate results from a single term in the double sum of Eq. (31) with r = n = n ′ = 1, i. e. one laser photon is absorbed at the electron-positron vertex, and no photon is absorbed (or emitted) at the projectile vertex. This term comprises the first two Feynman diagrams on the right-hand side in Fig. 2 . All other diagrams yield negligibly small contributions. The rate is proportional to ξ 2 . In mathematical terms this scaling arises from the Bessel function J n (ᾱ) in Eq. (10). Sinceᾱ ≪ 1 andᾱ ∝ ξ, the amplitude for one-photon absorption at the e + e − vertex is proportional to ξ, leading to R r=1 ∝ ξ 2 . The properties of the Bessel functions also explain why terms involving photon exchange at the muon vertex are strongly suppressed and may be ignored. Those terms are proportional to J N (β) ∝β |N | withβ ∝ Ξ = ξm/M , leading to contributions to the process rate which are smaller than the leading term (N = 0) by at least three orders of magnitude. Higher photon orders yield even smaller contributions. Since the recoil energy is small compared with Q 0 ≈ M , the main contribution comes from the µ = ν = 0 term in the sum over the spinor-matrix product (10) (see also App. A). We found this term to yield 97.5% of the given result (35) . We expect the numerical value of the total pair production rate for muon projectiles to be approximately the same as for e. g. proton projectiles because both particles are very heavy as compared to the electron mass. Since protons are not fundamental particles, our calculation does not actually apply to them. But since they are spin-1 /2 particles like leptons, we may approximately treat them as effective Dirac particles and check the result of our numerical program code for projectiles having the mass of a proton. This yields a total pair production rate of R M=mp 1 (1.8MeV) = 1.31 × 10 9 s −1 , which is in agreement with the result obtained from the calculation treating protons as external Coulomb fields [28] . The difference between the total rate for muon and proton projectiles stems from the recoil effects due to the lower mass of the former particle.
If the absorbed energy is very close to the threshold energy (2), i. e. the photon energy in an r-photon process is close to
one finds a power law for the dependence of the total pair creation rate on the amount of energy absorbed additionally to ω r,min :
For one-photon e + e − pair production processes, our numerical results for muon projectiles can be fitted to the functional relation of Eq. (37) and yield the exponent
with an accuracy of 0.1% within the range between ω 1,min and 1.05 × ω 1,min . In the case of very heavy projectile particles, the exponent is χ M→∞ 1 = 3 [45] . An investigation of the scaling behavior for proton projectiles with our program code yielded agreement with this value. For electron projectiles, the exponent is χ me 1 = 2 [53] . We do not consider electron projectiles here, since our calculation does not take into account the quantum mechanical exchange term of the produced and scattered electron. But we may calculate the rates for hypothetical projectile particles carrying e. g. twice the electron mass. While the minimum absorbed energy ω 1,min is 4m e for electron projectiles, and approximately 2m e for protons and also for muons, for hypothetical projectile particles with M = 2m e , the threshold energy lies just in the middle at 3m e . For such particles, it is not possible to neglect summands with N, N ′ = 0 in (31) . Instead, we employed the two leading orders, n = n ′ = 1 and n = n ′ = 0. We find the exponent to be χ M=2me 1 = 2.02 with an accuracy of 0.2% between ω 1,min and 1.06 × ω 1,min . This exponent is close to the one obtained for electron projectiles.
Nonlinear processes
The same amount of energy as in the one-photon process considered in the foregoing paragraph is absorbed in a two-photon process with half the photon energy, i. e. ω = 900keV in the incoming muon's rest frame. Using the same laser intensity parameter as in the linear case, we obtain the total pair production rate for the twophoton process with muon projectiles,
This is considerably less than obtained for the absorption of one single laser photon with twice the energy. Since the pair production rate scales with ξ 2r , we expect the rate for the two-photon process to be roughly 7 orders of magnitude smaller than for the one-photon process, which agrees with Eqs. (35) and (39) . Also here, the main contribution to the pair production rate comes from the µ = ν = 0 summand in the trace product (23) according to (A12). In this case the said summand yields 97.8% of the total rate (39) . The calculation neglecting the finite proton mass yields for this parameter constellation the value of R M→∞ 2 (ω = 900keV) = 190.0s −1 [28] .
As in the foregoing paragraph, it is possible to find a scaling behavior of the total pair production rate for total absorbed energies close to the threshold energy, see Eq. (37). For two-photon processes we find the exponent χ 2 = 3.92 (40) for muon projectiles with a relative error of 0.1% between ω 2,min and 1.05 × ω 2,min . Considering proton projectiles, we find the exponent to be 3.96 with an error of 0.23%, which agrees with the result in [28] , and for hypothetical particles with twice the electron mass, the exponent is 3.02 with the accuracy of 0.3%. We observe that in each case, the exponents exceed the ones found in the foregoing paragraph by about 1. An investigation of higher photon orders up to r = 5 shows that the increase of the exponent is proportional to the increase of the photon order (see Fig. 4 ). We find
for muon projectiles. It should be noted that regarding this scaling behavior, the circular polarization of the laser is crucial; for linear polarization, the scaling would be different in nonlinear processes. There one finds χ M→∞ 2 = 2, for instance [28] . Polarization dependence is a characteristic feature of nonlinear processes, in general. As in the one-photon process considered above, only N = N ′ = 0 summands significantly contribute to the total pair creation rate, i. e. the absorption or emission of laser photons at the muon vertex are suppressed. We note however, that so-called resonances can occur in the terms involving photon exchange both at the electronpositron vertex and at the muon vertex (n = 0, N = 0). Then, for certain final-state momenta, the virtual photon may reach the mass shell, q 2 = (q + + q − − nk) 2 = 0, and become a real photon. Physically, this resonant behavior means that the original second-order Feynman graph in Fig. 1 decomposes into two first-order processes: first the emission of a real photon by a muon and second the production of an e + e − -pair by a real (non-laser) photon (Breit-Wheeler process). Both processes are kinematically allowed in the presence of an external laser field; the second process was responsible for the pair production observed in the SLAC experiment [17, 18] . In our case however, the real-photon channel is strongly suppressed by the large muon mass: while the process involving the propagation of a virtual photon with no absorption at the muon vertex yields a production rate proportional to ξ 4 for a two-photon process, the corresponding rate for pair production involving the absorption of one photon at the muon vertex is proportional to ξ 2 Ξ 2 ≪ ξ 4 . Resonances in multiphoton processes have mainly been discussed for the examples of laser-assisted e − e − (Møller) scattering [38] , e + e − (Bhabha) scattering [39] , and electron bremsstrahlung [49] .
B. Recoil effects
In this section, we discuss the recoil distributions in the c.m. system for the already considered one-and two-photon processes, and also for a three-photon process, for different projectile particles. Figure 5 shows the c.m. differential rate for muon and proton projectiles plotted against the energy loss relative to the incoming projectile's kinetic energy. Note that for the protons, we divided the differential rate by a factor 10 in order to fit into the graph. In the c.m. system, the incoming muon projectile has a kinetic energy of E kin = 14.83keV, and after the collision with the laser beam, the most probable kinetic energy is E ′ kin = 8.81keV, i. e. the muon loses about 40.6% of its initial energy of motion. The proton projectile possesses an initial kinetic energy of E kin = 1.72keV in the c.m. system, and E ′ kin = 1.03keV after the collision; i. e. it loses about 40.2% of its initial energy of motion. The absolute loss of energy is about E kin − E ′ kin =: ∆Q 0 = 6keV for muons and ∆Q 0 = 0.7keV for protons, which is in agreement with the general rule that the recoil momentum ∆|Q| should be of the order of 2m. Since the heavy projectiles move nonrelativistically, this should lead to a recoil energy ∆Q 0 ∼ ∆|Q| 2 /2M , and therefore the absolute energy loss for the muon should be one order of magnitude larger than for the proton. As discussed in Section III A and in Appendix A, the total pair creation rates for muon and proton projectiles yield almost the same value. As shown in Fig. 5 , the shapes of the recoil distribution for the two projectile species are similar. The distribution for the proton is about a factor 10 higher than the one for muons, but it is also a factor 10 narrower if absolute energy loss is considered, so that the integration leads to about the same numerical value for both projectile types. If the same amount of energy is absorbed in a twophoton process, as considered above, the shape of the recoil distribution is quite similar to the one for the one-photon process in Fig. 5 , but slightly broader and shifted to higher relative energy loss (Fig. 6) . The initial kinetic energy of the projectile particles in the c.m. system is the same as in the one-photon process, since the total absorbed energy is the same in both cases. Here, for the muon the most probable kinetic energy after the impact of the laser beam is 7.93keV which is tantamount to a loss of 46.5% of the initial kinetic energy. The proton projectile loses 46.1% of its initial kinetic energy and ends up with a kinetic energy of 0.93keV. In both the linear and the nonlinear process, both projectile species lose about the same ratio of their initial energy of motion in the collision with the laser photons. But although the total amount of absorbed energy, as well as the initial energy of the projectile in the c.m. system and the upper limit (30) for its final energy are the same in both considered processes, the lost energy is significantly larger in the nonlinear, two-photon process. This trend is confirmed by the investigation of another kinematically identical process yielding the same value of the totally absorbed energy from the laser field: if three photons of energy 600keV are absorbed, the scattered muon's most probable kinetic energy is 7.49keV, which corresponds to a loss of 49.5% of the initial kinetic energy. The most probable kinetic energy of a scattered proton projectile lies at 0.88keV, which means a loss of 49.1% of the initial kinetic energy. It should be noted that the considered three-photon process is unlikely to be experimentally observed, because for the considered photon energy, also a two-photon process is possible. Because R r ∝ ξ 2r , the two-photon process is 7 orders of magnitude more probable than the three-photon process. We point out that the increasing of the energy loss of the projectile is in agreement with the fact that the emission angles of the produced pair rise with the photon order [26] . The angular distribution of the electron and positron is mainly governed by the Bessel function J n (ᾱ), whereᾱ ∝ sin ϑ q± (see Eq. (12)). Due to the small-argument behavior of J n (ᾱ), large values of n favor large emission angles ϑ q± . Since the typical energy of the electron and positron is not much affected by the photon order (see Fig. 8 below) , this implies that the longitudinal component of the scattered muon momentum decreases when n (i. e. r) increases (see also Fig. 10 below) .
In order to demonstrate that our numerical calculation yields larger recoil effects for lighter particles, we consider once more the case of a hypothetical particle possessing FIG. 7: (Color online.) Recoil distribution for hypothetical projectile particle with mass M = 2m for a one-photon process at ω = 1.8MeV. The two most important orders, n = n ′ = 1 (red solid line) and n = n ′ = 0 (green dotted line) are depicted.
twice the electron mass. Figure 7 shows the recoil distribution for the main contributions to the total rate stemming from n = n ′ = 1 and n = n ′ = 0 for the case of a one-photon process at the photon energy ω = 1.8MeV in the restframe of the incoming projectile. Initially, the hypothetical particle possesses a kinetic energy of 305keV. The total recoil distribution consists of the sum of the two depicted orders and has its maximum at 263keV, i. e. the particle loses 86.4% of its initial kinetic energy. As expected, the lighter particle loses a higher ratio of its initial energy in the collision with the laser beam. Also here, our calculation of the corresponding two-photon process shows that the energy loss is larger in the nonlinear than in the linear process.
C. Differential rates
In this paragraph, we discuss some further differential pair production rates for muon projectiles. Each of the following figures is to be understood in the c.m. system for the respective r-photon process. As in the foregoing paragraph, we consider a one-photon process at ω = 1.8MeV, a two-photon process at ω = 900keV, and a three-photon process at ω = 600keV. Fig. 8 shows the dependency of the (normalized) differential pair creation rate on the energy of the produced electron. The most probable electron energy, at which the maximum occurs, is about 890keV for all considered photon orders. It slightly decreases with increasing photon order, but the difference between the most probable electron energy for the one-and the three-photon process is only 0.7keV. The differential rates in Fig. 8 have been divided by their respective maximum values. This allows for a comparison of the distributions for the different photon orders. The curvature of the distribution increases with the number of absorbed laser photons: for the considered one-photon process at ω = 1.8MeV, the relative FIG. 8: (Color online.) (Normalized) double differential pair creation rate in arbitrary units as function of the energy of the produced electron for muon projectiles. The thick red line shows the distribution for the one-photon process at 1.8MeV, the green dotted line shows it for the two-photon process at 900keV, and the thin blue line for the three-photon process at 600keV. The kinetic energy of the scattered muon is set to the most probable value, i. e. 8.8keV for the one-photon, 7.9keV for the two-photon, and 7.5keV for the three-photon process. The distributions have been divided by their maximum values in order to show the evolution of the shape with increasing photon order. height of the maximum is only 0.4% of its absolute value. Considering the two-photon process at ω = 900keV, we find a similar shape, but here the relative height of the maximum is 15% of its value, and for the three-photon process, the relative height is 37%. The reason is that in processes of high photon order, the e + e − pair is preferentially produced in a symmetric configuration with q 0 + ≈ q 0 − ≈ (E − Q ′0 )/2 and ϑ + ≈ ϑ − (see Ref. [25] ). Therefore, deviations from the maximum in the middle of the allowed energy range yield smaller contributions and the maximum becomes more pronounced. Fig. 9 shows the dependency of the differential pair production rate on the cosine of the scattered muon's polar angle for the considered one-, two-, and three-photon processes. The higher the number of absorbed laser pho- tons, the less the muon is deflected from its initial direction of motion along the negative z-direction. (Note that the laser beam propagates in positive z-direction, see Fig. 10 .) This behavior is best understood by considering the argument used to explain the increasing curvature of the produced electron's energy distribution with increasing photon order. Since the symmetry between the produced electron and positron emission angles becomes more pronounced for higher photon orders, the transverse momentum of the scattered muon and thus its deflection angle are reduced (see Fig. 10 ). Fig. 10 can also help us visualize the aforementioned increase of the muon's energy loss. It has been said that for large photon orders n = r, the Bessel functions J n (ᾱ) favor the emission of the e + e − pair under large emission angles. The typical energies of the electron and positron are unaffected by the photon order (Fig. 8) . Since the emission angles of the electron and positron get larger while their energies stay the same, the longitudinal component of the sum of the pair particles' momenta gets smaller for higher photon orders. Therefore, as can be seen in Fig. 10 , the scattered muon's longitudinal momentum projection must decrease with increasing photon order.
IV. CONCLUSIONS
In this paper we considered the creation of electronpositron pairs in the head-on collision of a relativistic muon and a high-frequency laser beam in the multiphoton regime. The results for the total pair creation rates for linear and nonlinear pair production have been compared to the results known for projectiles of infinite mass. Close to the threshold energy, we derived a power law for the pair creation rates' dependence on the absorbed energy surmounting the threshold. We found the exponent to increase linearly with the number of absorbed photons. The corresponding recoil distributions have been compared to the ones of protons as effective Dirac particles and to a hypothetical lighter particle of twice the electron mass. We have shown that in the c.m. system, the projectile's loss of kinetic energy in the inelastic collision with the laser beam relative to its initial kinetic energy is approximately the same for muon and proton projectiles. For both species, we found characteristic multiphoton signatures: the projectile energy loss increases with the number r of totally absorbed laser photons (with rω = const), while the deflection angle of the scattered projectile decreases.
Our results could be tested experimentally by combining a coherent high-energy photon source with a beam of relativistic muons. Today, muon beams with Lorentz factors of about γ Lab = 2.8 are produced e. g. at PSI in Switzerland or TRIUMF in Canada [59]. Usually, they are then slowed down in order to produce e. g. muonic atoms. In the present paper, we consider the lowintensity high-photon-energy regime of the pair production process. Therefore, we need high photon energies in the rest frame of the incoming projectile muon. Assuming a lab-frame photon energy of 9keV, as is planned to be reached at the upcoming XFEL facilities [54] , a muon Lorentz factor of γ Lab = 50 would be needed to obtain a rest frame photon energy of 900keV, the photon energy we assumed for the considered two-photon process. An according muon acceleration is necessary for experimental observation of the here discussed nonlinear pair production processes. Corresponding efforts are being undertaken to develop muon accelerators for e. g. neutrino factories or muon colliders reaching muon energies up to the TeV range (γ Lab ∼ 10 4 ) [55, 56, 57] .
APPENDIX A: COMPARISON BETWEEN MUON AND PROTON PROJECTILES IN THE MULTIPHOTON REGIME
In this appendix we want to compare the present treatment of the nonlinear Bethe-Heitler process for muon projectiles to the external Coulomb field approach [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] for proton projectiles. To this end, we first summarize the main steps and results of the latter approach. The heavy projectile is taken into account only as the Coulomb field A C of a nucleus, so that a proton in its rest frame can be described by the four potential
The approximation of an infinitely heavy projectile leads to an amplitude which describes the transition of an electron from a negative-to a positive-energy state as induced by the Coulomb field of the proton:
with the Volkov states of Eq. (5) . Similarly to the expansion for the electronic vertex in the calculation of Sec. II, this expression is expanded in a Fourier series with coefficients depending on the regular Bessel functions J r (ᾱ). One finds for the partial rate corresponding to the photon order r 
where the four vector q r = q + + q − − rk represents the momentum transfer on the proton. Since the proton is assumed to be infinitely heavy, there is no energy transfer, q 
The coefficients B r , C r and D r are defined as in Eq. (11) . Note that in this approach, all the photons are absorbed at the vertex of the produced pair (since the projectile vertex is not taken into account), r = n, independently of the considered laser intensity regime. Because the proton is treated as an external Coulomb field, only the µ = 0 components of Eq. (10) contribute to the transition. Thus, one finds the expression for the spin sum over the square of the spinor-matrix product 
With this, we have listed the most important relations of the calculation for proton projectiles. We now show that the exact treatment for muon projectiles performed in Sec. II is structurally similar to it in the limit of small laser intensities. For small Ξ ≪ ξ ≪ 1, the effective mass and momentum of the muon read
(A8) Because of the large muon mass, we may assume nonrelativistic momentum changes for the scattered projectile. Then, in the rest frame of the incoming muon, the energy of the scattered muon is close to its rest mass:
with |P ′ | ≪ M . We now consider the argument of the Bessel functions governing the muon vertex,β from Eq. (14) . It can be written as
Since, for small arguments, the regular Bessel functions scale with J N (β) ∝β |N | [50] , all orders N = 0 are negligible for very smallβ. Thus, the double sum in (31) collapses to a sum over n = n ′ = r. This means that in the limit of nonrelativistic motion of the scattered muon within the rest frame of the incoming one, no emission or absorption of laser photons takes place at the projectile vertex. In this case, the summands in the matrix elements (21) estimate to be negligible except for γ µ F 0 . The Bessel function J 0 is about unity for small arguments, J 0 (0) = 1 [50] . Then, the muon part of the spin sum over the spinor-matrix product in (23) becomes
so that the total sum over final spins and average over initial spins (23) 
which is just the expression obtained for projectiles of infinite mass, Eq. (A7).
Another formal difference between the two approaches is that in the present calculation, we divide the transition amplitude by the four-momentum of the virtual photon (16) , whereas in the external Coulomb field approach the division by the virtual photon's three-momentum is performed (A4). Performing the space-time integral over the projectile coordinate in (3) under the assumption of no photon emission or absorption at the projectile vertex, the obtained four-dimensional δ-function (see Eq. (9)) reads δ(Q + q − Q ′ ). With the approximation (A9), only δ(q 0 ) remains in the 0-component of this δ-function (cf. Eq. A4). Therefore, |q 2 | = q 2 , and the difference between the two approaches concerning the division by the square of the virtual photon's momentum vanishes in the considered limit (see also [60] , Sec. 4.8 for a similar argument). In the present calculation, the remaining three-dimensional δ-function allows for the additional integration over the scattered projectile's momentum to be carried out.
